We propose to construct a nonreciprocal single-photon frequency converter via multiple semi-infinite coupled-resonator waveguides (CRWs). We first demonstrate that the frequency of a single photon can be converted nonreciprocally through two CRWs, which are coupled indirectly by optomechanical interactions with two nondegenerate mechanical modes. Based on such nonreciprocity, two different single-photon circulators are proposed in the T-shaped waveguides consisting of three semi-infinite CRWs, which are coupled in pairwise by optomechanical interactions. One circulator is proposed by using two nondegenerate mechanical modes and the other one is proposed by using three nondegenerate mechanical modes. Nonreciprocal single-photon frequency conversion is induced by breaking the time-reversal symmetry, and the optimal conditions for nonreciprocal frequency conversion are obtained. These proposals can be used to realize nonreciprocal frequency conversion of single photons in any two distinctive waveguides with different frequencies and they can allow for dynamic control of the direction of frequency conversion by tuning the phases of external driving lasers, which may have versatile applications in hybrid quantum networks.
I. INTRODUCTION
To build a hybrid quantum network, by harnessing advantages of different systems [1, 2] , we have to tackle an important problem: how to integrate different components that don't operate at the same frequency. One solution is to build a photon frequency converter which converts the input photons of one frequency into the output photons of another frequency. Traditionally, photon frequency conversion is demonstrated by three-wave mixing in second-order nonlinear materials [3] [4] [5] [6] [7] [8] [9] or four-wave mixing in third-order nonlinear materials [10] [11] [12] . With the development of circuit quantum electrodynamics, frequency conversion was even proposed in a single three-level superconducting quantum circuit by threewave mixing [13, 14] or a single qubit in the ultrastrong coupling regime [15] . Moreover, single-photon frequency converters have been proposed in the one-dimensional (1D) linear waveguide [16] [17] [18] or 1D coupled-resonator waveguides (CRWs) [19, 20] with a three-level system coupled to different channels. Since the mechanical resonators can be coupled to various electromagnetic fields with distinctively different wavelengths through radiation pressure (for reviews, see Refs. [21] [22] [23] [24] [25] ), frequency conversion has been demonstrated via two optical cavities with different frequencies, coupled by a single mechanical resonator via optomechanical interactions [26] [27] [28] [29] [30] [31] [32] . Recently, the conversion between microwave and optical frequencies has been implemented in the electro- * Electronic address: davidxu0816@163.com † Electronic address: aixichen@ecjtu.edu.cn optomechanical systems [33] [34] [35] [36] . Besides frequency converters, isolators and circulators are also dispensable elements in constructing hybrid quantum networks for protecting some elements from unwanted noises or retracing fields [37] . It is well known that, the systems with broken time-reversal symmetry can be used to construct isolators or circulators. In recent years, as a non-magnetic strategy, optical nonreciprocity in the coupled cavity modes with relative phase has drawn more and more attentions, and many different structures have been proposed theoretically [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] and demonstrated experimentally [50, 51] .
In a recent work, we have proposed a nonreciprocal frequency converter in an electro-optomechanical system with a microwave mode and an optical mode, coupled indirectly via two nondegenerate mechanical modes [52] . Due to the broken time-reversal symmetry, the nonreciprocity is obtained when the transmission of photons from one mode to the other one is enhanced for constructive quantum interference while the transmission in the reversal direction is suppressed with destructive quantum interference. Based on a similar mechanism, nonreciprocal frequency conversion was explored theoretically [53] [54] [55] and realized experimentally [56] [57] [58] in many different systems.
In this paper, we propose a nonreciprocal single-photon frequency converter, consisting of two or three 1D semi-infinite CRWs with different frequencies, which are coupled indirectly by nondegenerate mechanical modes via optomechanical interactions. In quantum networks, this system can also be viewed as quantum channels (1D semi-infinite CRWs) connected by a quantum node (the optomechanical systems [52] ). Different from the previous studies on nonreciprocal frequency conversion [52] [53] [54] [55] [56] , we consider the dispersion rela-
FIG. 1: (Color online) Schematic diagram of a waveguide consisting of two semi-infinite CRWs (aj and bj for j ≥ 0) with different frequencies (e.g., one is optical CRW and the other one is microwave CRW) coupled indirectly by the two mechanical modes (d1 and d2).
tions of the quantum channels, which play an important role in single-photon frequency conversion. Also unlike the previous studies on single-photon nonreciprocity in 1D CRWs [59] [60] [61] , in this work, the frequencies of the CRWs are very different and they can not be coupled together directly. The addition of optomechanical systems (or mechanical modes) to the frequency converter offers the possibility to enable nonreciprocal frequency transduction between two CRWs with distinctively different frequencies and allows for dynamic control of the direction of frequency conversion by tuning the phases of external driving lasers. The paper is organized as follows: In Sec. II, we propose a single-photon frequency converter using two CRWs, coupled indirectly by two nondegenerate mechanical modes via optomechanical interactions. In Secs. III and IV, two different single-photon circulators are proposed in the T-shaped waveguides consisting of three semi-infinite CRWs, which are mutually coupled by optomechanical interactions. One circulator uses two nondegenerate mechanical modes and the other one uses three nondegenerate mechanical modes. Finally, we summarize our results in Sec. V.
II. NONRECIPROCAL SINGLE-PHOTON FREQUENCY CONVERTER
A. Theoretical model and scattering matrix
As schematically shown in Fig. 1 , a waveguide consists of two semi-infinite coupled-resonator waveguides (CRWs) with different frequencies (e.g., one is optical CRW and the other one is microwave CRW), in which both end side cavities are coupled to two mechanical modes via optomechanical interactions. The semi-infinite CRWs, as quantum channels for single-photon transmission, are made by infinite identical single-mode cavities, which are coupled to each other through coherent hopping of photons between neighboring cavities [62] [63] [64] [65] . The two end side cavities (a 0 and b 0 ), coupled indirectly by the two mechanical modes (d 1 and d 2 ), are served as a quantum node for single-photon frequency conversion. The total system can be described by the Hamiltonian
where
is the bosonic annihilation (creation) operator of the jth cavity with the same resonant frequency ω l and the same coupling strength ξ l between two nearest neighboring cavities in the CRW-l. ω i (i = 1, 2) is the resonant frequency of the mechanical mode with the bosonic annihi-
is the optomechanical coupling strength between cavity l 0 (l 0 = a 0 , b 0 ) and mechanical mode is determined by the amplitudes Ω l,i , the frequency ω l,i , the damping rates κ a,j and κ b,j of the cavities and the damping rates γ 1 and γ 2 of the mechanical modes.
To obtain a linearized Hamiltonian, we assume that the external driving is strong, i.e. |α † 0 d 1 in Eq. (8) and the following derivation. It should be noted that φ and J l,i are dynamically tunable parameters, which can be controlled by tuning the strengths and phases of the external driving fields. The time-reversal symmetry of the whole system is broken when we choose the phase φ = nπ (n is an integer). As we will show later, the direction of frequency conversion can be controlled dynamically by tuning the value of the total phase φ.
In this paper, we assume that the damping rates of the cavities in the CRWs are much smaller than the coupling strength between two nearest neighboring cavities and the effective optomechanical coupling strength, i.e. {ξ l , J l,i } ≫ max {κ a,j , κ b,j }, so that we can only consider the coherent scattering in the CRWs. Moreover, we assume that {ξ l , J l,i , γ 2 } ≫ γ 1 , so that γ 1 can be neglected in the following calculations and the Hamiltonian for two mechanical modes with γ ≡ γ 2 is described by
The mechanical damping rate γ can be controlled by coupling the mechanical mode to an auxiliary cavity [66] [67] [68] [69] , and a suitable mechanical damping is another crucial condition to obtain desired nonreciprocal single-photon frequency conversion in this model [59] .
To derive the sacttering matrix between different CRWs, we consider the stationary eigenstate of a single photon in the whole system as
where |0 indicates the vacuum state of the whole system, u l (j) denotes the probability amplitude in the state with a single photon in the jth cavity of the CRW-l, and u d1 (u d2 ) denotes the probability amplitude with a single phonon in the mechanical mode d 1 (d 2 ). The dispersion relation of the semiinfinite CRW-l in the rotating reference frame is given by [19] 
where E l is the energy and k l is the wave number of the single photon in the CRW-l. Without loss of generality, we assume that ξ l > 0. Substituting the stationary eigenstate in Eq. (10) and the Hamiltonian in Eq. (5) into the eigenequation H fc |E = E |E , we can obtain the coupled equations for the probability amplitudes as
with j > 0 and l = a, b.
If a single photon with energy E is incident from the infinity side of CRW-l, the photon-phonon interactions in the quantum node will result in photon sacttering between different CRWs or photon absorbtion by the dissipative mechanical mode. The general expressions of the probability amplitudes in the CRWs (j ≥ 0) are given by
where s l ′ l denotes the single-photon scattering amplitude from CRW-l to CRW-l ′ (l, l ′ = a, b). Substituting Eqs. (17) and (18) into Eqs. (12)-(16), then we obtain the scattering matrix as
with the effective coupling strengths J ll ′ and frequency shifts ∆ l induced by the two mechanical modes defined by 
To quantify nonreciprocity conversion, we define the scattering flows of the single photons from CRW-l to CRW-l ′ as [20] 
is the group velocity in the CRW-l (CRW-l ′ ). In our model, I ba = I ab implies the appearance of nonreciprocal single-photon frequency conversion, and the perfect nonreciprocal single-photon frequency conversion is obtained when I ba = 1 and I ab = 0, or I ba = 0 and I ab = 1.
B. Nonreciprocal single-photon frequency converter
Before the numerical calculations of the scattering flows I ab and I ba , it is instructive to find the optimal conditions for nonreciprocal single-photon frequency conversion analytically. For simplicity, we assume that the detunings ∆ 1 = ∆ 2 = 0, the two CRWs have the same parameters (i.e., ξ ≡ ξ a = ξ b , and k ≡ k a = k b ) and they are symmetrically coupled to the two mechanical modes (
Under the condition that γ ≫ ξ, the optimal conditions for nonreciprocal single-photon frequency conversion obtained from Eqs. (20)- (24) are 
In order to satisfy the condition γ ≫ ξ, we should choose J 2 ≫ ξ in Eq. (32) . Scattering flows I ab (black solid curve) and I ba (red dashed curve) as functions of the wave number k/π are shown in Fig. 2 . The optimal nonreciprocity appears around the point k ≈ π/4 and 3π/4 for φ ≈ π/2 or 3π/2, which exhibits good agreement with the analytical result shown in Eqs. (30) and (31) . Specifically, when φ = π/2, in Figs. 2(a) and 2(c), we show the reciprocal transmission from CRW-b to CRW-a (CRW-a to CRW-b) at k ≈ π/4 (k ≈ 3π/4). In contrast, when φ = 3π/2, we see the reciprocal transmission from CRW-a to CRW-b (CRW-b to CRW-a) at k ≈ π/4 (k ≈ 3π/4). These imply that we can reverse the direction of frequency conversion by tuning the phase from φ = π/2 to φ = 3π/2. Scattering flows I ab and I ba for different J 2 are shown in Figs. 2(a) and 2(c) [or Figs. 2(b) and 2(d)], which demonstrate that the nonreciprocity of the system improves dramatically if we take a larger value of J 2 /ξ (as well as γ/ξ).
The optimal conditions for nonreciprocal single-photon frequency conversion given in Eqs. (30)- (32) are only applicable for zero frequency detunings ∆ 1 = ∆ 2 = 0. The following discussions based on numerical calculations will show the effects of the frequency detunings (∆ 1 and ∆ 2 ) on frequency conversion. Scattering flows I ab (black solid curve) and I ba (red dashed curve) as functions of the detunings ∆ 1 /ξ and
Quantum channel c We can improve the nonreciprocity by taking ∆ 2 = √ 2ξ for k = π/4 (∆ 2 = − √ 2ξ for k = 3π/4). This phenomenon corresponds to the condition E = ∆ 2 for k = π/4 (or k = 3π/4) in Eqs. (25)- (28), so that the optimal phase is φ = π/2 (or φ = 3π/2).
III. SINGLE-PHOTON CIRCULATOR IN T-SHAPED WAVEGUIDE A. Theoretical model and scattering matrix
Based on the nonreciprocal single-photon frequency conversion discussed in Sec. II, we propose a three-port singlephoton circulator in a dissipation-free T-shaped waveguide, i.e. γ = 0, as schematically shown in Fig. 4 , which is made up by coupling an additional semi-infinite CRW (CRW-c) to the mechanical mode d 2 in Fig. 1 through optomechanical interaction. The T-shaped waveguide can be described by the Hamiltonian
where H 0 is given in Eq. (1), and the two additional terms H c and H c,int are
Here c j (c † j ) is the bosonic annihilation (creation) operator of the jth cavity with the same resonant frequency ω c and the same coupling strength ξ c between two nearest neighboring cavities in the CRW-c. g c,2 is the optomechanical coupling strength between the cavity c 0 and the mechanical mode d 2 . Cavity c 0 is driven by a laser at frequency ω c,2 = ω c − ω 2 + ∆ c,2 with ∆ 2 = ∆ c,2 and amplitude Ω c,2 . Similarly, the operator for the cavity c j can also be rewritten as the sum of its quantum fluctuation operator and classical mean value as c j → c j +α c j,2 e −iωc,2t , where the classical amplitude α c j,2 is determined by the amplitude Ω c,2 , the frequency ω c,2 , the damping rates κ a,j , κ b,j and κ c,j of the cavities and the mechanical damping rates γ 1 and γ 2 .
To obtain a linearized Hamiltonian, we assume that the external driving is strong, i.e. |α l 0,i | ≫ 1, the system works in the resolved-sideband limit with respect to both mechanical modes, i.e. min {ω 1 , ω 2 } ≫ max {κ a,j , κ b,j , κ c,j }, and the two mechanical modes are well separated in frequency, i.e. min {ω 1 , ω 2 , |ω 1 − ω 2 |} ≫ max |g l,i α l 0,i |, γ 1 , γ 2 . After making the standard linearization under the rotating-wave approximation, in the rotating reference frame with respect to 
where H l and H m have been given in Eqs. (6) and (7), and the interaction term H int,I is given by
Here J c,2 = g c,2 α c 0,2 is the effective optomechanical coupling strength between the cavity c 0 and mechanical mode d 2 . We assume that the damping rates κ l,j of the cavities in the CRWs and the damping rates γ i of the mechanical modes are much smaller than the coupling strengths between two nearest neighboring cavities and the effective optomechanical coupling strengths, i.e. {ξ l , J l,i } ≫ max {κ l,j , γ i }, so that we can only consider the coherent scattering in the CRWs.
The stationary eigenstate of a single-photon scattering in the T-shaped waveguide is given by
The dispersion relation of the CRW-c can be obtained from Eq. (11) by setting the superscript l = c. Substituting the stationary eigenstate and the Hamiltonian into the eigenequation H cir,I |E = E |E , we can obtain the coupled equations for the probability amplitudes as in Eqs. (12)- (16) but with Eq. (15) replaced by the following two equations
and the subscript l in Eq. (16) is replaced by l = a, b, c. If a single photon with energy E is incident from the infinity side of CRW-l, the interactions between cavity l 0 and l ′ 0 (l 0 , l ′ 0 = a 0 , b 0 , c 0 ) mediated by two mechanical modes will result in photon sacttering between different quantum channels. The general expressions for the probability amplitudes in three quantum channels (l = a, b, c) are given by (j ≥ 0)
where s l ′ l (s l ′′ l ) denotes the scattering amplitude from CRW-l to CRW-l ′ (CRW-l ′′ ). Substituting Eqs. (41)- (43) into the coupled equations for the probability amplitudes, we can obtain the scattering matrix as
with
where the renormalized coupling strength ξ ′ l and wave number k ′ l of the single photon in the CRW-l are defined by
The effective coupling strengths J ll ′ , phase φ ′ , and frequency shifts ∆ l induced by the two mechanical modes are defined by
B. Single-photon circulator
Let us give the optimal conditions for observing perfect circulators first. A perfect circulator is obtained when we have I ba = I cb = I ac = 1 or I ab = I bc = I ca = 1 and the other scattering flows are equal to zero. For the sake of simplicity, we assume that the detunings ∆ 1 = ∆ 2 = 0, the CRW-a and CRW-b have the same parameters (i.e. ξ ≡ ξ a = ξ b , k ≡ k a = k b ), and they are symmetrically coupled to the two mechanical modes (i.e.
with the coupling strength J 1 = ξ. Based on these assumptions, the perfect circulator appears with parameters satisfying the optimal conditions
where J bc has been given in Eq. (51). 
. In other words, when φ = π/2, the signal is transferred from one CRW to another clockwise (a → b → c → a) for the wave num-
. In contrast, when φ = 3π/2, the signal is transferred from one CRW to another counterclockwise (a → c → b → a) for the wave
. Thus, we can re- verse the direction of the circulator by tuning the phase from φ = π/2 to φ = 3π/2.
Scattering flows I l ′ l (l, l ′ = a, b, c) as functions of the detunings ∆ 1 /ξ and ∆ 2 /ξ are shown in Fig. 6 . Overall, the large detunings (both ∆ 1 and ∆ 2 ) are destructive for the circulator. Similar to Fig. 3(a) , when the detuning is tuned from ∆ 1 = 0 to ∆ 1 = 2 √ 2ξ as shown in Figs. 6(a)-(c), the scattering flows I ba and I ab change from (I ba = 0, I ab = 1) to (I ba = 0.25, I ab = 0), i.e., the direction of the scattering flows change from b → a to a → b. What's more, when I ab = 1 and I bb = I cb = 0 as shown in Fig. 3(e) , the scattering flows I ab , I bb , and I ab remain constant for different ∆ 2 .
As shown in Eq. (58), i.e., ξ c = ξ, the band widths of CRWa and CRW-b are different from the band width of CRW-c, and nonreciprocity (I l ′ l = I ll ′ ) can only be obtained in the overlap band regime between the three CRWs. As shown in Fig. 5 (c) and 5(f), the single photon incident from the infinity side of CRW-c will be reflected totally (I cc = 1) in the regimes of 0 < k c < arccos(ξ/ξ c ) and π − arccos(ξ/ξ c ) < k c < π. Moreover, as shown in Eqs. (55) and (56), we can have perfect circulator only with wave number k = π/4 and k = 3π/4 for φ = π/2 or 3π/2. To improve tunability of the circulator, e.g., the perfect circulator can be obtained with the wave number in a tunable regime, we can use one more mechanical mode 
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FIG. 7: (Color online) Schematic diagram of a T-shaped waveguide consisting of three semi-infinite CRWs (aj, bj and cj for j ≥ 0) coupled indirectly by three mechanical modes (d1, d2 and d3).
to connect the three CRWs and this is the focus of the next section.
IV. SINGLE-PHOTON CIRCULATOR WITH THREE MECHANICAL MODES A. Theoretical model and scattering matrix
In this section, we propose another single-photon circulator by a different T-shaped waveguide, schematically shown in Fig. 4 , which is made up of three semi-infinite CRWs coupled indirectedly by three mechanical modes via optomechanical interactions. The T-shaped waveguide can be described by the Hamiltonian If ξ c = ξ and J 1 = J 2 = J 3 , the perfect circulator can also be obtained but the conditions are changed to
and the optimal coupling strengths are given by 
we obtain ξ = ξ c and J 1 = J 2 = J 3 , and this is consistent with the condition given in Eq. (80) for φ = π/2. In Fig. 8 , the scattering flows
As shown in Figs. 8(a)-(c) , when φ = π/3, we obtain that I ab = I bc = I ca = 1 and the other scattering flows are equal to zero for wave number k = π/6, or obtain I ba = I cb = I ac = 1 and the other scattering flows are equal to zero for wave number k = 5π/6. As shown in Figs. 8(d)-(f) , when φ = 5π/3, we get I ba = I cb = I ac = 1 with the other zero scattering flows for wave number k = π/6, or get I ab = I bc = I ca = 1 with the other zero scattering flows for wave number k = 5π/6. In other words, when φ = π/3, the signal is transferred from one CRW to another counterclockwise (a → c → b → a) for wave number k = π/6 or clockwise (a → b → c → a) for wave number k = 5π/6. In contrast, when φ = 5π/3, the signal is transferred from one CRW to another clockwise (a → b → c → a) for wave number k = π/6 or counterclockwise (a → c → b → a) for wave number k = 5π/6. In other words, we can tune the phase from φ to (π − φ) to reverse the direction of the circulator.
The effects of the detunings on the single-photon transmission can be seen from Fig. 9 , where the scattering flows
. This interesting phenomenon can be used to design three-way single-photon beam splitter.
If we have different coupling strengths ξ c = ξ, the band widths of CRW-a and CRW-b are different from the band width of CRW-c, and nonreciprocity (I ll ′ = I l ′ l ) can only be obtained in the overlap band regime among the three CRWs. In Fig. 10 , the scattering flows I l ′ l (l, l ′ = a, b, c) are plotted as functions of the wave number k l /π of a single photon incident from CRW-l with different coupling strengths ξ c = ξ. Different from the case of T-shaped waveguide with two mechanical modes as discussed in Sec. III, we can have perfect circulator with wave number k ∈ (0, π/4) ∪ (3π/4, π). From Eq. (87) [or Eq. (80) for φ = π/2], to make the perfect circulator behavior appearing at k = 0.1476π and 0.8524π, we should choose ξ c = ξ and J 1 = J 2 = J 3 . As shown in Figs. 10(a)-(c) , when the perfect circulator appears at k = 0.1π (< 0.1476π) and 0.9π (> 0.8524π), we have ξ c > ξ. In Figs. 10(d)-(f) , when the perfect circulator behavior appears at k = 0.2π (> 0.1476π) and 0.8π (< 0.8524π), we have ξ c < ξ.
V. CONCLUSIONS
In summary, we have studied the nonreciprocal singlephoton frequency conversion in multiple CRWs, which are coupled indirectly by optomechanical interactions with two nondegenerate mechanical modes. We have demonstrated that the frequency of a single photon can be converted nonreciprocally in two CRWs. Moreover, two different single-photon circulators are proposed in the T-shaped waveguides with two or three mechanical modes. The optomechanical systems (or mechanical modes) offers the possibility to enable nonreciprocal frequency transduction between two CRWs with distinctively different frequencies, and they allow for dynamic control of the direction of frequency conversion by tuning the phases of external driving lasers. All the proposals can be applied to integrate devices with different frequencies and simplify the construction of hybrid quantum networks.
For simplicity, in this work we do not consider the dissipative effects of the cavities. However, in reality, all the optical or microwave cavities in the CRWs interact with the environment, resulting in the reduction of the nonreciprocal singlephoton frequency conversing efficiency. To lower this effect, we should enhance both the coupling strength between two nearest neighboring cavities in the CRWs and the effective optomechanical coupling strengths. The photon hopping can be enhanced by decreasing the distance between neighboring cavities, and one of the most common ways to enhance effective optomechanical coupling strengths is to increase the powers of the external driving fields. In this case, the frequencies of the mechanical modes we choose must be high enough to ensure that the rotating-wave approximation is valid in the derivations. Thus, the microwave-frequency mechanical modes coupled to superconducting quantum circuit [70] and optomechanical crystal [71] are suitable to realize our nonreciprocal single-photon frequency converters.
